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Abstract 



We present a new method for the determination of the tt — tt scattering length 
combination ao — d2, based on the study of the spectrum in K + — ► 7r + 7r°7r° in 

the vicinity of the it + it~ threshold. The method requires a minimum of theoretical 
input, and is potentially very accurate. 
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Current algebra and PC AC lead to a prediction for the threshold behavior of n — tt 
scattering PQ[2]- The 1 = and 1 = 2 S-wave scattering lengths were predicted to be 
aom 7T + = 0.159, a2m 7T + = —0.045, a first approximation that can be improved upon in the 
framework of Chiral Perturbation Theory j^j. Recent calculations [I] [HI, which combine 
ChPT with the dispersive approach by S. M. Roy jHjjZl, lead to 

a m n + = 0.220 ±0.005, a 2 m 7r + = -0.0444 ± 0.0010, (a - a 2 )m„+ = 0.265 ± 0.004 (1) 

The current discussion of this prediction, see |S][in][II|, could lead to minor modifications 
of eq. (HJ). 

It was long recognized ^2] that the angular distributions in K + — > 7i + 7i^e + u are 
sensitive to the tttt phase shifts, and can be used to obtain informations on the S-wave 
scattering lengths ^HlCl]- The first results by the Geneva-Saclay experiment ^5] , leading 
to aom n + = 0.26 ± 0.05, where recently improved by the E865 experiment at Brookhaven 
[To] that quotes a result: a m^+ = 0.216 ± 0.013 (stat.) ± 0.002 (syst.) ± 0.002 (theor). 
Data on K e 4, with a large statistics, are currently being analyzed by the NA48 experiment 
at CERN. 

The K e 4 decay yields values of the phase shift difference 5$ — 8\ as a function of the ttti 
invariant mass [i in the range 2m n + < fi < Mk — Tn^+ , but the best data lies in the range 
> 310 MeV. The extraction of a value for ao requires an extrapolation to the threshold 
region and a substantial theoretical input, whence the interest in alternative methods 
which permit the determination of the scattering lengths through measurements that are 
directly sensitive to tttt scattering in the threshold region, /i ~ 2m lx +. An example of this 
is the measurement of the 7r°7r° decay of the pionic atom tt + it~ , the object of the DIRAC 
experiment at CERN J7j that could yield ^H] a value for the ao — a 2 combination. 

I present here an alternative method for determining ao — a 2 , based on the 7r°7r° mass 
distribution in the K + — > 7r + 7r°7r° decay in the vicinity of the 7r + 7r~ threshold. The large 
data sample available from the NA48 experiment at CERN, of the order of 10 8 events, 
could lead to a determination of ao — a 2 with a precision comparable to that foreseen in the 
DIRAC experiment. The method is based on the fact that the K + — > 7r + 7r + 7r~ decay gives 
a contribution to the K + — > 7r + 7r°7r amplitude through the charge exchange reaction 
7T + 7r~ — > 7t°7t°. This contribution is directly proportional to ao — a 2 , and displays a 
characteristic behavior when the 7r°7r° mass is in the vicinity of the 7r + 7r~ threshold, where 
it goes from dispersive to (dominantly) absorptive. 
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Figure 1: The nir re-scattering diagram. 

Let us write 

M{K + -^tt+ttV) =M = M Q + Mi (2) 

where M.q is the "unperturbed amplitude", and Aii the contribution of the diagram in 
Fig. ^ with the renormalization condition 

M 1 = for s n = ( gi + q 2 f = Aml + (3) 

The "unperturbed" amplitude Aio, and the corresponding one M. + for K + — > 7r + 7r + 7r~ , 
can be parametrized as polynomials jTHI in Sj = (k — qi) 2 . In both cases q% is chosen as the 
momentum of the "odd" pion, respectively 7r + and 7r~. A simple parametrization, which 
gives a reasonable description of the experimental data, is given by 

M (s u 8 2 , s 3 ) = Al(l + g°(s 3 - s )/2ml + ) (4) 
M+{s 1} s 2 , s 3 ) = A+(l + g + (s 3 - s )/2m 2 n+ ), (5) 

where s = (si + s 2 + s 3 )/3. The g's coincide with the linear slope parameters defined in 
the PDG review [T^]. The AI = 1/2 rule requires A® v and to have the same sign [2Ti] . 
and ~ 2A° V in good agreement with the observed branching ratios. In the following 
we will assume A4 and A4 + to be positive. 

To evaluate the graph in Fig. ^ we can use a simplified effective lagrangian which 
reproduces the nn charge exchange reaction near the 7r + 7r~ threshold, 

167r(a - a 2 )m n + _ Q 

£chx = ~ (tT 7T 7T U 7T U ) (6) 

The diagram in Fig. ^ results then in: 

, . 2(a — a 2 )m 7T + 

Mi = — - M+, thl (J + K) (7) 
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where Ai+^hi is the value of M.+ at the 7r + 7r threshold. Using eq. (J5J), 

/ g + (M 2 -9m 2 „ 
M + , thx = At 1 + y - 



12m 2 , 

We have divided the contribution of the graph into two parts, J and K. The J contribution 
flips from dispersive to absorptive at s nn = 4m 2 + , 



J = J_ = ttv ; v = v /(4m^+ - s nn )/s nn : s n7T < Aml+ 
J = J+ = -inv ; v = y/{s nn - 4m^ + )/s„ : s m > 4m*+ 

The K contribution is dispersive both above and below the threshold, 

K = —2v arctan-u = — 2v 2 + |-y 4 + . . . : s^n < 4m^ + , . 

K = -v\n( 1 J ^) =2v 2 + lv* + ... : 8 m > 4m* + U) 

Noting that v 2 = —v 2 , the K contribution can be expressed as a power series in (s n7T — 
4:m 2 + ) , which converges when | s n7T — 4m 2 + 1 < 4m 2 + , a range which includes the physical 
region of K 37T decays. This contribution can be approximated as a polynomial in , 
so that we will reabsorb it in the definition of the "unperturbed" amplitude Aio, setting 
K = in eq. (0). 

The differential decay rate for K + — > 7r + 7r°7r° with respect to the 7r°7r° invariant mass 
M vn = J~s^ is given by 



aT 



V ™ " ^ V M K ) \ M K ) 



l 

" ,2 



Mr (ii) 



Since A4 1 changes from real to imaginary at the n + ir~ threshold, we can write 

lul 2_ J (M ) 2 + (M 1 ) 2 + 2M M 1 : s^<4ml + 
11 I (M>) 2 + (*.Mi) 2 : s W7r >4ml + 

In FigEl we show a plot of the differential decay rate (in arbitrary units) before and 
after the re-scattering corrections, evaluated using v4+ = 2A® V , the slope parameters g ± 
as given in the PDG listings, and the value for ao — a 2 from eq. (JTJ). The ■>/ Am 2 + — 
behavior below the 7r + 7r~ threshold arises from the interference term in eq. (fT2j) and is a 
very characteristic feature. It is encouraging to see that the deviation from the uncorrected 
behavior is very prominent, so that it should be possible to measure it accurately. 

In order to extract the value of ao — a 2 from the 7r°7r° spectrum, let us consider a 
development of \Ai\ 2 in powers of 5 = (4m^ + — s„)/4m^ + . Below the 7r + 7r~ threshold 
the coefficients of 5 and of 5 2 are uniquely determined in terms of the rate for K + — ► 
7r + 7r°7r° above this threshold, the K + — > 7r + 7r + 7r~ differential rate, and the value of ao — a 2 . 
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(oo — a 2 )m n + = 0.265 
(do — a2)m 7T + = 




Figure 2: The 7r°7r° invariant mass distribution with/without the re-scattering correction, 
in arbitrary units. 

Since the maximum value of 5 below threshold is ~ 0.26, neglecting terms in 6 3 and higher 
is equivalent to a theoretical error of ~ 2%. This is the central result of this paper, and it 
is worthwhile to discuss it in more detail. 

Above the 7i + n~ threshold A4\ is absorptive, so that its value is directly determined 
by the physical amplitudes for K + — > 7r + 7r + 7r~ and 7r + 7r _ — > 7r°7r (eqs. [7[ EJ). In eqs. 
0, © we have neglected the s nn dependence of the charge exchange reaction and of the 
K + — > 7r + 7r + 7r~ rate, which can contribute terms of 0(5 3 ) to A4\. As noted before in 
the discussion of the K term, even powers of S are absent from M.\ because they can be 
absorbed in the definition of Aio- The value of Aii below the threshold is the analytic 
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continuation of the value above the threshold, so that it correctly includes the 0(5) terms, 
with possible errors which are 0(5 3 ). 

Terms of 0(5 2 = (Amt + — s ra )/4mL) in the value of |.M| 2 , eq. (|12|). derive from two 
sources: the first is in the s n7r dependence of J\4 — see e.g. eq. (jU), keeping in mind that 
s 3 = (k — q 3 ) 2 = (qi + q 2 ) 2 = s^. Since A4o is regular at the threshold, the coefficient of 
this contribution is the same on either side of it. The second source of 0(<5 2 ) terms is from 
the (.Mi) 2 terms in eq. (fT2"J) . In this case, since v 2 = —v 2 , the coefficient of 5 2 changes sign 
across the threshold. This coefficient is predicted by eqs. 0, (jHJ). We can thus proceed 
as follows: 

1. Measure .M+,thr from the K + — > 7r + 7r + 7r~ decay at the n + TT~ threshold. In terms of 
the PDG inspired parametrization in eq. ©, -M +it hr is given by eq. (jHJ). 

2. Fit \M\ 2 = (M ) 2 + (iMi) 2 , measured from K + — > 7r + 7r 7r with M n7r above the 
7T + 7r _ threshold, to a polynomial in 5 2 , \Ai\ 2 = F(5 2 ). 

3. \A4\ 2 below the threshold will then be given by 



where F(5 2 ) is the polynomial obtained in the second step. 

4. Using eqs. (|7j), Q, we can express Aii in terms of a — so that this quantity can 
be obtained by fitting the 7r°7r° spectrum below the n + n threshold to eq. (j!3|) . 

We have not so far discussed the contribution M. 2 of the diagram, similar to that in Fig. [TJ 
which arises from the unperturbed amplitude M.§ with 7r°7r° — > 7r°7r° re-scattering. This 
contribution is always absorptive, and generally smaller than Aii- It does not interfere 
with A4o, but it interferes with Aii above the 7T + ir~ threshold. The effects of A4 2 are small 
and will not impact on the precision of a^ — a 2 , but should be included in the analysis of the 
experimental data, with a slight complication of the fitting procedure we have outlined. 
For completeness we register its value [2~Tj : 



where A^o,thr is the unperturbed amplitude at the 7r°7r° threshold. Since the effects of this 
amplitude are small, the experiment will not be very sensitive to (ao + 2a 2 ), and the best 



M\ 2 = F(6 2 ) + 2M 1 ^F(6 2 ) + (M 1 ) 2 + 2(M X ) 2 



(13) 




(14) 
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strategy could be to accept for it the theoretical prediction from eq. (JTJ), while extracting 
a value for (a — a 2 ). 

Although the method outlined here seems to require a minimum of theoretical elab- 
oration, more theoretical work is needed. Given the possible precision of the method, it 
would be nice to obtain a more exact evaluation of the 0(<5 3 ) corrections to |7V1| 2 . This 
will be possible with the methods of Chiral Perturbation Theory. It is of course possible 
to account for these corrections by introducing an extra parameter in the fit to the ex- 
perimental data. We might also wish to evaluate the electromagnetic corrections to our 
predictions. 

We note that a similar effect arises in the interference between Kl — > 7r°7r 7r° and 
Ki — > 7T + 7r~7r° followed by 7r + 7r~ ^7r°7r°. The effect is smaller than in fig. |2l but could 
also lead to a determination of a — a<i- Similar effects should also appear in rj — > 3tt° 
decays, but this process is not competitive from an experimental point of view. 

Threshold cusp phenomena have a long history [22JE3]- They have been studied in 
7r~P — > AK° near the UK threshold [21] EH] i n an attempt to determine the relative 
X — A parity, and more recently i n jP near the Ntt + threshold, where they 

can yield informations on the 7r-nucleon scattering lengths. In contrast to the phenomenon 
discussed here, the analysis of cusp phenomena in two-body processes is inherently more 
complex. 

I am grateful to Italo Mannelli and to Augusto Ceccucci for discussions of the early 
results on the 7r°7r° spectrum which inspired the present work, and to Roland Winston for 
a discussion of the early history of threshold cusps. 
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